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We present the first direct Nf = 2 lattice QCD computation of two- and three-pi+ scattering
quantities that includes an ensemble at the physical point. We study the quark mass dependence
of the two-pion phase shift, and the three-particle interaction parameters. We also compare to
phenomenology and chiral perturbation theory (ChPT). In the two-particle sector, we observe good
agreement to the phenomenological fits in s- and d-wave, and obtain Mpia0 = 0.0481(86) at the phys-
ical point from a direct computation. In the three-particle sector, we observe reasonable agreement
at threshold to the leading order chiral expansion, i.e. a mildly attractive three-particle contact term.
In contrast, we observe that the energy-dependent part of the three-particle quasilocal scattering
quantity is not well described by leading order ChPT.
Introduction.— In physics, two-body problems are an-
alytically solvable for many interaction potentials, e.g.
the famous Kepler problem. This is no longer the case
for three-body—not to mention n-body—problems, for
which one typically needs to resort to numerical solu-
tions. Maybe that is one of the reasons why quantum
field theories can in general only be solved approximately
by expanding around the non-interacting case: all possi-
ble n-body interactions need to be taken into account. In
quantum chromodynamics (QCD), the theory of strong
interactions, even such a perturbative approach fails at
low energies due to the non-existence of a small expan-
sion parameter: the theory is strongly coupled.
QCD describes the interaction of quarks and gluons,
while only hadrons (mesons and baryons) are experimen-
tally observable. They are low energy bound states, or
resonances of the former fundamental particles. Under-
standing the interaction of two or more hadrons is highly
relevant for several reasons. For instance, resonances be-
come visible only when studying the interaction of other
hadrons. And for understanding experimental signatures
of particle decays, the interactions of the final states need
to be understood.
The formulation of QCD on a spacetime lattice—lattice
QCD—offers the opportunity of first principles, nu-
merical explorations of low-energy hadronic observables.
Among those are few-particle scattering amplitudes, es-
pecially those which are difficult to access experimentally.
Examples of these are near-threshold two-particle scat-
tering, and matrix elements involving three particles in
the final and/or initial state. Maybe the most obvious
example for the importance of three particle interactions
is the ω-meson, which decays predominantly into three
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FIG. 1. I = 2 scattering length Mpia0 as a function of Mpi/fpi
comparing the Nf = 2 + 1 + 1 ETMC twisted mass results [3]
with this work. The dashed line represents the leading order
ChPT prediction.
pions in a p-wave [1]. Another one would be the Roper
resonance [2], with both Npi and Npipi decay channels.
However, since the investigation of three particle inter-
actions from lattice QCD is in its infancy, three weakly
interacting pions with isospin I = 3 represent an inter-
esting and important benchmark system.
The extraction of two-particle scattering amplitudes in
Lattice QCD is by now well established for 2 → 2 sys-
tems, both theoretically [4–16], and in practice [3, 17–
38] (see Ref. [39] for a review). One of the most stud-
ied systems is isospin-2 pipi scattering. To illustrate the
state-of-the-art, we show in Figure 1 the pipi I = 2 scat-
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2tering length Mpia0 as a function of Mpi/fpi comparing
this work’s result to the Nf = 2+1+1 results of Ref. [3].
The new Nf = 2 point at the physical value of Mpi/fpi is
compatible within errors with leading order (LO) ChPT
(dashed line).
Over the last few years, theoretical and numerical work
investigating three-particle scattering amplitudes from
lattice QCD emerged as a hot topic. The finite-
volume formalism exists following three different ap-
proaches: (i) generic relativistic effective field theory
(RFT) [40–49], (ii) nonrelativistic effective field theory
(NREFT) [50–55], and (iii) (relativistic) finite volume
unitarity (FVU) [56, 57] (see also Refs. [58–60] and
Ref. [61] for a review). Lattice data [62–64] has been
confronted to both, the FVU [57, 63, 64] and RFT [65]
formalism. A related approach used in the literature
consists of using the ground state and the threshold ex-
pansion, which is valid only for weakly interacting sys-
tems [66–69].
In this letter, we present results for scattering quantities
of two and three-pion with maximal isospin, including
for the first time an ensemble at the physical point. This
work breaks new ground on several fronts: the first direct
computation at the physical point of the I = 2 s-wave
phase shift and d-wave scattering amplitude, and the chi-
ral dependence of the three-pi+ quasilocal interaction.
Scattering amplitudes from lattice QCD—Due to the lack
of asymptotic states in finite volume, the calculation of
scattering amplitudes from lattice simulations proceeds
in an indirect way. The required physical quantities
from the lattice are the finite-volume interacting ener-
gies of two and three particles—the spectrum. The map-
ping between the finite volume spectrum and infinite-
volume scattering quantities—the so-called quantization
condition—is known but highly nontrivial (valid up to
exponentially-suppressed corrections on MpiL).
The two-particle quantization condition (QC2) takes the
form of a determinant equation [4–6] (for simplicity we
assume here two identical scalars):
det
[
F−12 (P, E∗, L) +K2(E∗)
]
= 0 . (1)
Here, F2 and K2 are both matrices in angular momen-
tum space `,m. On the one hand, the matrix elements
of F2 are kinematical functions (Lu¨scher zeta function)
that depend on the three-momentum of the system, P
and the center-of-mass (CM) energy, E∗. On the other
hand, (K2)`m,`′m′ = δ`m,`′m′(K2)` is simply the infinite-
volume scattering K-matrix projected to the correspond-
ing partial wave. In order to render the matrices finite-
dimensional, a truncation must be applied in `, `′ by as-
suming that K2 vanishes for higher partial waves. Typ-
ically, only the lowest one or two waves are kept. Fur-
thermore, the relations between K2, the phase shift (δ`),
and the physical scattering amplitude (M2) are trivial.
More details can be found in Ref. [39].
The three-particle quantization condition (QC3) for iden-
tical (pseudo)scalars in the RFT approach reads (G-
parity is assumed) [40]:
det
[
F−13 (E,P, L) +K3,df(E∗)
]
= 0 . (2)
Even though this looks formally identical to Eq. 1, there
are some distinct features. First, the matrices in Eq. 2
live in a larger k `m space, where `,m are the angular
momentum indices of the interacting pair, and k labels
the three-momentum of the third particle—the specta-
tor. Next, F3 depends on geometric functions (like F2
itself), but also on K2. Thus, two-particle interactions
are a necessary ingredient for three-particle scattering.
Finally, K3,df is a real, singularity-free, quasilocal, in-
termediate three-particle scattering quantity—which we
aim to determine. As in the case of the QC2, Eq. 2 is
infinite-dimensional, and must be truncated. The trun-
cation in k is due to a cut-off function, whereas for `,m
one assumes that K3,df vanishes above some value of `,
see Refs. [40, 61] for details. Establishing the connection
between K3,df and the physical scattering amplitude,M3
requires a set of integral equations, which were derived in
Ref. [41]. These equations have been solved only below
and at the three-particle threshold [45]. In this work,
we focus only on the extraction of K3,df and leave the
relation K3,df ↔M3 for future work.
In a finite volume, partial waves mix and, thus, F2 and
F3 in Eqs. 1 and 2 are non diagonal in `,m. Therefore,
in a finite volume the correct labels are irreducible repre-
sentations (irreps) of the discrete symmetry group, which
we label as Γ. The subduction of angular momenta into
irreps is well known [70, Table 2]. Therefore, one block-
diagonalizes the quantization conditions into irreps, see
Refs. [16, 47, 54, 65].
Ensemble L3 × T Mpi/MeV aMpi Mpi/fpi # confs.
cA2.60.32 323 × 64 340 0.1578(1) 2.235(6) 337
cA2.30.48 483 × 96 242 0.11195(7) 1.705(3) 350
cA2.09.48 483 × 96 134 0.06205(4) 1.022(1) 1604
TABLE I. Nf = 2 Ensembles used in this work. The lattice
spacing is a = 0.0914(15) fm, and cSW = 1.57551. For the
decay constant we use the normalization fpi =
√
2Fpi. Mpi/fpi
has been corrected for finite size effects according to Refs. [71–
73].
Lattice computation.— This work uses Nf = 2 flavour lat-
tice QCD ensembles generated by the Extended Twisted
Mass collaboration (ETMC) [74], including one ensemble
at the physical pion mass—see Table I1. For the ensem-
1 The ensemble cA2.30.48 has largest statistical uncertainties for
the scattering parameters. There are two reasons for this: first,
the number of configuration is much lower than in the cA2.09.48
ensemble; second, the energy shift of the interacting energies
with respect to the free energies is less significant than in the
cA2.60.32 ensemble.
3ble generation the Iwasaki gauge action [75] was used
together with Wilson clover twisted mass fermions at
maximal twist [76]. The latter guarantees scaling to-
wards the continuum with only O(a2) artefacts in the
lattice spacing a [77]. The presence of the clover term
(with coefficient csw) has been shown to further reduce
the O(a2) artefacts, in particular isospin breaking effects
of the twisted-mass formulation which have been em-
pirically found to be very small for masses and decay
constants [74]. For the two pion scattering length with
isospin I = 2, discretisation artefacts have been shown to
be only of order O(amq)2, with mq the up/down quark
mass [78]. Parametrically, O(a2) artefacts are of order
2.5% and O(amq)2 even ≤ 0.4% for the lattice spacing
value used here, and thus well below the statistical un-
cerainty we obtain.
The two- and three-pi+ energy spectrum is measured from
Euclidean correlation functions of operators with the cor-
responding quantum numbers. By means of the single
pion operators (pi+ = −u¯γ5d), we construct two-particle
operators as follows:
Opipi(p1, p2) =
∑
x,y
eip1x+ip2y pi+(x)pi+(y) , (3)
where pi labels the momentum of each single pion, and
similarly for three pions. Correlation functions are com-
puted using the stochastic Laplacian-Heaviside smearing
[79, 80] with algorithmic parameters identical to the ones
chosen in Ref. [81]. In addition, operators that transform
under a specific irrep of a discrete symmetry group are
constructed by projecting as in Ref. [32]. We then ex-
tract the spectrum in each irrep independently using the
generalized eigenvalue method (GEVM) [6, 82, 83] and
also the GEVM/PGEVM method [84], see Ref. [85] for
more details.
A technical issue that affects lattice calculations with
(anti)periodic boundary conditions in the time direction
is the presence of so-called thermal states, i.e. effects
from pions that propagate backwards in time across the
boundary. They vanish with MpiT → ∞, but may be
significant for some energy levels for smaller MpiT -values.
Different techniques are employed to handle them: one
can either remove them using weighting and shifting [70],
explicitly fit them, or attempt to fit early enough in Eu-
clidean time. An alternative approach is to fit ratios of
correlators [17]. Here, we use various of these methods
with manually chosen fit ranges [85]. Then, we perform a
correlated and weighted average over the different meth-
ods. The differences are interpreted as a systematic error
and incorporated into the statistical error by widening
the resampling distribution [32, 85]. The energy levels
are publicly available [86].
Results.— By keeping only the leading partial wave in
irrep A1g (A1) in P = 0 (P 6= 0), the projected QC2
becomes a one-to-one correspondence of an energy level
to a s-wave phase shift point [6, 7]. For the analysis,
we need an appropriate phase shift parametrization. We
use a model that incorporates the expected Adler zero
[65, 89]:
k
Mpi
cot δ0 =
√
s
Mpi(s− 2z2)
(
B0 +B1
k2
M2pi
+ . . .
)
. (4)
We will fix the position of the Adler zero to its lead-
ing order Chiral Perturbation Theory (LO ChPT) value:
z2 = M2pi . Even though higher order corrections are to
be expected, its value has been seen to be compatible to
LO ChPT when left free [87, 90, 91]. Note that in Eq. 4
with fixed Adler zero, the scattering length is given by
Mpia0 = −1/B0.
1/B0 B1 B2 χ2/dof
cA2.60.32 -0.2090(54) -2.3(3) — 19.06/(16-2)
cA2.60.32 -0.2110(57) -3.1(6) 0.4(2) 15.96/(16-3)
cA2.30.48 -0.160(23) -1.8(6) — 15.30/(16-2)
cA2.09.48 -0.0477(90) -1.4(1.2) — 11.08/(10-2)
TABLE II. s-wave fit results for the various ensembles using
Eq. 4 with fixed z22 = M2pi . Here we use only the two-pion
levels in the A1g and A1 irreps.
We perform a correlated two-parameter fit to the energy
levels. The results for the three ensembles are shown in
Table II. In all cases, the magnitude of the Bi coefficients
decreases with increasing order, indicating that the ex-
pansion converges quickly enough even at the heaviest
pion mass. Still, for the heaviest ensemble (cA2.60.32),
we also attempt a fit with a quadratic term in k2, B2
and observe a small, barely significant value for B2 and
no substantial change in B0 and B1. Based on ChPT,
better convergence is expected for lighter pions.
Similarly, the d-wave phase shift can be obtained from
most of the non-trivial irreps when neglecting ` > 2 waves
[15, 16]. Since we have few data points only, we attempt
the following fit:
k5
M5pi
cot δ2 = − 1
M5pia2
. (5)
We show our fit results in Table III, with the included
values of E∗.
Next, we parametrize K3,df. For this, we expand K3,df
about threshold up to linear terms of relativistic invari-
ants [47]: For the extraction of the three-body scattering
quantity,
K3,df = Kiso,0df,3 +Kiso,1df,3 ∆ , ∆ =
(E∗)2 − 9M2pi
9M2pi
, (6)
where Kiso,0df,3 and Kiso,1df,3 are the numerical constants to
be determined. This parametrization has no momentum
dependence, and thus receives the name “isotropic”. It
is the three-particle equivalent of keeping only s-wave
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FIG. 2. s- and d-wave phase shift at the physical point (ensemble cA2.09.48) compared to the fits to experimental data
(KPY08) in [87] and (CGL01) in [88]. For s-wave we use a model that incorporates the Adler-zero, whereas for d-wave we fit
to a constant in the region for which we have data.
interactions. Momentum dependence enters at O(∆2) in
the parametrization, for which also the d-wave must be
included [47].
Following the strategy outlined in Ref. [65], we perform
a simultaneous s-wave only fit to two-pi+ A1 levels, and
all three-pi+ levels. For this, we use the δ0 model in
Eq. 4 with B0, B1 and fixed z22 = M2pi ; and the K3,df
parametrization in Eq. 6—four parameters in total. We
show the fit results for all three ensembles in Table IV. As
can be seen the best fit values for B0 and B1 agree well
between the two-particle and the global fit, with even
smaller errors in the case of the latter.
M5pia2 χ
2/dof CM energy range
cA2.60.32 0.0037(8) 15.03/(12-1) [3.2Mpi, 4.4Mpi]
cA2.30.48 0.007(2) 16.89/(10-1) [2.8Mpi, 4.2Mpi]
cA2.09.48 0.0005(3) 7.33/(4-1) [4.0Mpi, 6.3Mpi]
TABLE III. d-wave two-pion fits to Eq. 5. Here we use only
non-A1 two-pion levels. The last column shows the energy
range for which data is used.
Discussion.— Starting with δ0, we show in Figure 2a all
phase shift data points, and include the best fit curve
from the two- and three-pi+ global fit. As can be seen,
the difference to LO ChPT is small, and due to the fit
parameter B1 6= 0. In addition, our results agree within
< 2σ with the fits in Refs. [87, 88]. For the scatter-
ing length, we obtain Mpia0 = 0.0481(86) (see Table IV),
which also agrees well with all phenomenological determi-
nations [87, 88, 90–92], and other lattice results obtained
indirectly by extrapolating to the physical point using
ChPT [3, 17, 34, 93–99], see Figure 1.
Regarding the d-wave phase shift, we have mild statistical
evidence that at the physical point it is repulsive in the
considered energy region. We observe agreement within
& 1σ with Ref. [87], as shown in Figure 2b. An interest-
ing feature of the phenomenological fits to δ2 is that there
is a sign change near threshold, which yields an attractive
phase shift at threshold—negative a2 in our convention
[87, 90, 91, 100]. We cannot confirm or deny such be-
haviour, as the explored energy region is too far above
threshold. For larger pion mass values, we obtain similar
behaviour, with increasingly repulsive d-wave phase shift
as the mass grows—see Table III and Ref. [85].
We show our results in the three-particle sector in Fig-
ure 3. As can be seen in Figure 3a, there is significant ev-
idence that K3,df at threshold (Kiso,0df,3 ) is positive (attrac-
tive). Even though we find reasonable agreement with
the LO ChPT [65] prediction, our data combined with
Ref. [65] suggests that its magnitude may be larger than
the one predicted by LO ChPT. Thus, NLO effects can
be significant, and it may be worth to extend the ChPT
result to one loop. For Kiso,1df,3 , the situation is somewhat
different. All evidence points to a negative value, very
far from the ChPT results. There are few possibilities
to explain this. Besides the obvious NLO ChPT expla-
nation, there is a subtelty in the LO ChPT prediction.
It uses the fact that the connection between K3,df and
the physical three-pion scattering amplitude—which in-
volves integral equations—is trivial to leading order in
ChPT [65]:
K3,df =M3,df
[
1 +O(M2pi/F 2pi )
]
, (7)
where M3,df is the divergence-free three-to-three ampli-
tude [41]. As argued in Ref. [65], this induces large errors
in Kiso,1df,3 (up to 50% for 200 MeV pions). The situation
51/B0 B1 M2piKiso,0df,3 M2piKiso,1df,3 χ2/dof
cA2.60.32 -0.2061(49) -1.9(2) 4500(1500) -6200(1800) 58.89/(43-4)
cA2.30.48 -0.171(22) -2.0(5) 7500(5600) -13000(5000) 36.30/(33-4)
cA2.09.48 -0.0481(86) -1.3(1.1) 0(800) -200(500) 19.06/(19-4)
TABLE IV. Two- and three-pion fits using the Adler-zero form (z2 = M2pi , fixed). Since we only include s-wave interactions,
we use two-pion levels in the A1 irrep, and all irreps for three-pions.
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FIG. 3. Constant(left) and linear(right) terms of K3,df as a function of the s-wave scattering length. We also include the
results of Ref. [65].
is expected to be more dramatic for heavier pions, like
our two results at 242 and 340 MeV, for which the largest
difference is seen. In order to address this rigorously, the
integral equation must be systematically solved, which is
beyond the scope of this work.
Conclusion.—We have presented the first Nf = 2 lattice
calculation of two- and three-pi+ scattering at the phys-
ical point. Our results show reasonable agreement with
other lattice calculations that extrapolate to the physical
point, with phenomenological fits, and also with ChPT.
By including two ensembles at heavier pion masses, we
have been able to gain insight on the chiral dependence
of two- and three-pi+ scattering quantities.
This letter represents a step towards exploring and un-
derstanding the hadronic spectrum of QCD, and shows
that three-particle quantities are feasible with current
technology. In the very near future we expect more
lattice calculations of three-body observables with in-
creasing accuracy and describing systems with growing
complexity—e.g. three-particle resonances such as the ω.
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1Supplemental material for the Letter:
Scattering matrix elements of two and three physical pions at maximal isospin
EXTRACTION OF THE ENERGY LEVELS
In this section, we provide more details regarding the extraction of energy levels from the correlation functions of two
and three pions. The required quark diagrams are shown in Figure S1. We compute the integrated autocorrelation
time [114] of the correlators, and find in all cases that τint < 1. Thus, we treat our correlation functions as decorrelated.
(a) C2c
(b) C4cC (c) C4cD
(d) C6cC (e) C6cCD (f) C6cD
FIG. S1. Quark diagrams for two- and three-pi+ correlation functions.
Details on treatment of thermal pollutions
The spectral composition of the three-pion correlation function (with periodic boundary conditions) reads∑
m
∑
n
〈n|OΓ(P,q1,q2) |m〉 〈m|O†Γ(P,q3,q4) |n〉 e−En·(T−t)e−Emt .
This means that there will be contributions from all possible states m and n with the correct quantum numbers.
The desired signal arises when m is the vacuum, and the n is the desired three-pion state, or vice versa. Thermal
states arise when m is an intermediate two-pion state and n a one-pion state. To illustrate this, let us assume that
n is a one-pion state |p1〉 and m a two-pion state |p2,p3〉 with free energies given by the dispersion relation. Only
summands where 〈p1|OΓ |p2,p3〉 6= 0 contribute, i.e. the three-pion operator OΓ must couple to the momenta p1, p2
and p3. The individual particle momenta that couple to a multi-particle operator can be inferred from group theory.
Consider the frame P2 = 0, then the three-pion operator will be in some irrep Γ−, and the single pion always in the
A−1 . Therefore, the two-pion system needs to be in the opposite parity irrep Γ+ such that A−1 ⊗ Γ+ = Γ−. Note that
only the irreps for P2 = 0 have a parity index, that is, in moving frames parity is not a good quantum number. In
this situation, the momenta of the two-pion system can only take the values that actually couple into the irrep of the
three-particle operator.
The allowed contributions are generated from all permutations of the three-pion individual momenta using the pre-
scription described above. Using the measured pion mass Mpi and the free particle dispersion relation (assuming
weak interactions between the two pions) we compute the energy Epi(p1) and E2pi(p2,p3). The time dependence is
given by exp(−(E2pi − Epi)t) in the forward term. We introduce ∆E := E2pi − Epi and write this as exp(−∆E t).
There is an additional backward propagating part as well which goes as exp(−∆E · (T − t)). Together they either
form a cosh (sum) or a sinh (difference). For three pions we only have time-even operators and therefore everything
will have a cosh-shape. We can regroup the exponentials into an overall amplitude exp(−(E2pi + Epi)T ) and a time
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FIG. S2. Possible thermal contributions to the three-pion correlator matrix in the cA2.09.48 ensemble. Each line corresponds
to a particular combination of the individual particle momentum magnitudes of the one-pion (p1) and the two-pion system (p2
and p3).
dependent factor exp(−(E2pi − Epi)t). We can already see that low energies lead to higher amplitudes whereas low
energy differences lead to a weak time dependence. The largest contributions therefore have rather small momenta.
Figure S2 shows the contributing thermal states for two cases, left the A−1 irrep in the P2 = 0 frame, right the B1 irrep
in the P2 = 2 frame. Here the largest contribution is coming from (p21 = 0,p22 = 0,p23 = 0) and (p21 = 1,p22 = 2,p23 =
1), respectively. The other possible contributions are suppressed by two orders of magnitude or even exponentially.
Our thermal state treatments can only treat a single thermal state, therefore we need to find the dominating one.
We tally the time dependence of the various thermal states (assuming matrix elements are of equal size). Taking the
largest contribution at t = 10 as a reference, we then have an energy estimate for the strongest thermal pollution in
the correlator matrix.
To illustrate this procedure, we will look at P2 = 2 with Γ = B1. The three-particle momenta that couple to the
operator below our threshold are listed in Table S1. As the three particles are indistinguishable, we can partition
them at will into a one-pion and two-pion state. The two-particle momenta must again be a valid two-particle system,
otherwise they cannot be an intermediate thermal state. Table S2 lists the two-particle contributions in the B1 irrep.
P2 Irrep p1 p2 p3
2 B1 (0, 1,−1) (0, 0, 1) (1, 0, 0)
2 B1 (1, 1, 0) (1, 0, 0) (−1, 0, 0)
2 B1 (−1, 1, 0) (1, 0, 0) (1, 0, 0)
TABLE S1. Selection of three-pion individual momenta couplings.
P2 Irrep p2 p3
1 B1 (−1, 0, 1) (1, 0, 0)
2 B1 (1, 1,−1) (0, 0, 1)
4 B1 (0,−1, 1) (0, 1, 1)
TABLE S2. Selection of two-pion individual momenta couplings.
The following list contains a couple of momentum choices that are checked by the algorithm.
• We take (0, 1,−1) for the one pion and (0, 0, 1) and (1, 0, 0) for the other two. The two-pion system has P2 = 2,
but the lowest contribution in that irrep has larger momenta. So this does not contribute.
• The single pion has p1 = (1, 1, 0) and the two-pion system gets p2 = (1, 0, 0) and p3 = (−1, 0, 0). The two-
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FIG. S3. Treatment of correlator matrices before fitting.
pion system therefore has total momentum P2 = 0, but there is no contribution to B1 in that moving frame.
Therefore this example does not contribute to the thermal states.
• A contribution is obtained using (1, 0, 0) for the one pion, and (0, 1,−1) and (0, 0, 1) for the two-pion system.
In the latter, we have P2 = 1, which corresponds to the first entry in Table S2 (albeit after an inconsequential
global rotation). This contributes as a thermal state, incidentally it is the largest one as shown in Figure S2b.
Using this method we determine the leading thermal state for every correlator matrix and can use this as input for
thermal state treatments, detailed below.
General technicalities
Multi-particle correlators in general are contaminated with excited states at early times, and with thermal pollution
at late time slices. Fitting too early will overestimate the energy, while fitting too late may underestimate it. In order
to obtain a robust energy estimate, we use combinations of different methods to attenuate these issues.
The order of application of these methods is illustrated with a flow chart in Figure S3. We will explain them in order.
First the correlator matrices can optionally be treated with weight-shift-reweight [70] to suppress thermal states at the
cost of larger statistical uncertainty. Then we independently use the original and treated correlator matrix and apply
the GEVM, which yields the principal correlators. These principal correlators can be used to build ratios [17, 31]
or left as-is. All variants can optionally be fed into the Prony Generalized Eigenvalue Method (PGEVM) [84] with
t0 = 2 fixed to suppress excited states. The PGEVM with δ0 fixed did not produce credible results.
The resulting treated correlators are evaluated by looking at the so called effective mass. The simplest definition of
it is the “log effective mass”
meff(t) = − log C(t)
C(t+ 1) , (S1)
which assumes a signal proportional to exp(−Et) only. There are generalizations that take back-propagation, shifting
or weighting into account. Depending on the treatment of the correlator we choose the appropriate effective mass.
Not all of the 8 treatment combination are sensible to take. We will present the ones that yield sensible results.
No treatment: When no thermal states contribute (like in E irreps), a simple cosh-like model is fitted:
C(t) = A0 [exp(−E0t) + exp(−E0 · (T − t))] . (S2)
If thermal states are present in the given irrep, a two-state model with constrained second energy E1 will be
used.
C(t) = A0 [exp(−E0t) + exp(−E0 · (T − t))] +A1 [exp(−E1 t) + exp(−E1 · (T − t))] . (S3)
The constraint is implemented by an additional term in the χ2 function to be minimized, namely a simple
normally distributed prior,
exp
(
− (E1 − E¯1)
2
(∆E1)2
)
, (S4)
where E1 is the fit parameter, E¯1 is the determined central value for the thermal energy and ∆E1 the uncertainty
stemming from using the measured pion mass in the dispersion relation.
PGEVM: This method works well when there are no significant thermal state contributions. We fit a simple
exponential model to the early time slices.
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FIG. S4. Effective mass for the three pion ground state on the cA2.60.32 ensemble. Shown are in blue the plain correlator
without any thermal state treatment, in red the correlator treated with weight-shift-reweight and in green the ratio R3 shifted
upwards by 3Mpi. The solid line marks the non-interacting energy.
Ratio: We take the ratio of the principal correlator (no weight-shift applied) and form ratios with the one-pion
correlation function:
R2(t) =
C2pi(t)− C2pi(t+ 1)
Cpi(t)2 − Cpi(t+ 1)2 (S5)
R3(t) =
C3pi(t)/Cpi(t)− C3pi(t+ 1)/Cpi(t+ 1)
Cpi(t)2 − Cpi(t+ 1)2 . (S6)
The ratio R3 is chosen as a double ratio such that in the numerator, thermal state contributions from single
pions are removed. The resulting sinh-like correlator needs to be divided by another sinh-like expression to yield
a cosh-like ratio. Among different ratio expressions tested, this is the most fruitful one. An exponential model is
fitted to the ratios where the signal behaves like R2(t) ∼ exp(−(E2pi− 2Epi)t) and R3(t) ∼ exp(−(E3pi− 3Epi)t).
This is only valid for small time slices, as backwards propagating parts are not included in this method.
Figure S4 shows a comparison between no treatment, weight-shift-reweight and the ratio R3 for a case with
heavy thermal pollution. One can see how the plain correlator does not show any plateau due to the high
pollution. The weighted correlator has a plateau between t1 = 12 and t2 = 14, but still shows a drop. This
likely stems from the second leading thermal state as visible in Figure S2a. The ratio however has a long plateau
that is compatible with the weight-shift-reweight method. In general we see that with the ratio method it is
possible to fit energy levels with strong thermal pollution when other methods fail to produce a plateau. The
statistical uncertainty from the energy determination with the ratio is also lower than with other methods in
most cases.
Weight-shift: The correlator matrix has the leading thermal state removed and therefore the principal correlators
can be fitted with a cosh-like model which incorporates the weight-shift-reweight procedure.
Weight-shift and PGEVM: In general the additional suppression of excited states by the application of the
PGEVM works well after wheight-shift has been applied beforehand. The resulting correlator is fitted with
an exponential model. Fit ranges can be chosen early enough such that the neglect of backwards propagating
parts is not significant.
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FIG. S5. Combination of fit results from two different methods to a weighted average and finally the rescaled distribution.
Columns show different and same central values, rows show different and same statistical errors in the two measurements.
In some cases the thermal states are so pronounced that no plateau can be identified, even after applying the PGEVM.
In these cases the method is not used for that particular level. These cases work much better with either the multi-
state model, weight-shift-reweight or the combination of weight-shift-reweight and the PGEVM. The ratio method
seems to be the most robust one, it shows plateaus even when other methods fail to produce one. Also, the statistical
uncertainty seems to be lower compared to the other methods in general.
The principal correlators are inherently correlated in the time direction as one observes that that the jitter between
adjacent time slices is lower than suggested by the statistical uncertainty. We therefore use a correlated χ2 expression
in the fit in order to treat this correlation sensibly.
Details on combining methods and fit range choices
For every principal correlator we attempt to extract the energy with all our methods. If a plateau can be identified,
we use the extracted energy level. All such determinations per principal correlator are combined with a weighted
average. In order to incorporate the systematic spread between the central values, we also compute a systematic error
scaling factor as introduced in Ref. [32]. By scaling the resampling distribution of the weighted average, we obtain a
distribution that reflects both the statistical and the systematic uncertainties.
To illustrate this method, one can generate a numerical example with two distributions X1 and X2 generated in four
ways, where either the central values an/or widths can be chosen to be the same or different. All combinations thus
give four cases, which are shown in the quadrants of Figure S5. The distributions X1 and X2 are shown as the first
two pairs of points in each quadrant. Then the third pair shows the pairwise weighted average of the two distributions.
And the fourth pair shows the resulting distribution after the rescaling. One can nicely see how the weighted average
gravitates toward the distribution with a lower width (hence higher weight) and how the rescaling incorporates the
spread between the central values. The method works well for bootstrap and jackknife resampling.
In order to choose appopriate fit ranges for the different methods, we proceed iteratively, selecting fit ranges by eye
(taking into account several metrics beyond just the effective mass). Some energy levels show significant tension
between the different fitting methods after this first iteration. In these cases, we re-evaluate the plateaus to arrive at
our final choices.
6FITTING THE SPECTRUM
Here, we aim to extend the discussion of the fitting procedure of the spectrum to the quantization condition. The a
summary of the frames, irreps and energies used in this work is shown in Table S3.
P2 Irrep E/Mpi range
0 A1g [2.03, 4.85]
0 Eg [4.71, 6.31]
1 A1 [2.63, 6.64]
2 A1 [2.95, 5.79]
3 A1 [3.14, 4.29]
3 E [4.00, 4.00]
4 A1 [2.05, 4.79]
4 B1 [4.86, 4.86]
(a) cA2.09.48, two pions
P2 Irrep E/Mpi range
0 A1u [3.09, 6.05]
0 Eu [5.91, 5.92]
1 A2 [3.92, 3.92]
2 A2 [4.37, 4.99]
3 A2 [4.69, 6.40]
3 E [5.70, 8.06]
4 A2 [3.92, 6.42]
4 B2 [6.42, 6.42]
(b) cA2.09.48, three pions
P2 Irrep E/Mpi range
0 A1g [2.01, 3.99]
0 Eg [3.09, 3.88]
1 A1 [2.29, 4.15]
1 B1 [3.28, 3.28]
1 B2 [4.09, 4.09]
1 E [3.31, 4.02]
2 A1 [2.46, 4.26]
2 A2 [3.50, 3.50]
2 B1 [3.45, 3.45]
2 B2 [4.22, 4.22]
3 A1 [2.59, 4.46]
3 E [2.84, 4.44]
4 A1 [2.03, 3.13]
4 B1 [3.12, 3.12]
(c) cA2.30.48, two pions
P2 Irrep E/Mpi range
0 A1u [3.05, 4.26]
0 Eu [4.16, 4.16]
1 A2 [3.39, 4.66]
1 B2 [4.43, 4.59]
1 E [4.43, 4.43]
2 A1 [4.69, 4.85]
2 A2 [3.66, 5.01]
2 B1 [4.81, 4.90]
2 B2 [4.59, 4.90]
3 A1 [5.14, 5.14]
3 A2 [3.83, 5.32]
3 E [4.11, 5.18]
4 A2 [3.42, 4.67]
4 B2 [4.41, 4.56]
4 E [4.57, 4.57]
(d) cA2.30.48, three pions
P2 Irrep E/Mpi range
0 A1g [2.02, 4.20]
0 Eg [3.21, 4.08]
1 A1 [2.32, 4.38]
1 B1 [3.43, 3.43]
1 B2 [4.25, 4.26]
1 E [3.41, 4.26]
2 A1 [2.50, 4.44]
2 A2 [3.67, 3.67]
2 B1 [3.60, 3.60]
2 B2 [4.39, 4.39]
3 A1 [2.65, 4.66]
3 E [2.94, 4.68]
4 A1 [2.02, 3.28]
4 B1 [3.21, 3.21]
(e) cA2.60.32, two pions
P2 Irrep E/Mpi range
0 A1u [3.06, 4.40]
0 Eu [4.31, 4.31]
1 A2 [3.50, 4.86]
1 B2 [4.56, 4.74]
1 E [4.56, 4.56]
2 A1 [4.84, 5.01]
2 A2 [3.72, 5.23]
2 B1 [4.98, 5.13]
2 B2 [4.79, 5.06]
3 A1 [5.32, 5.32]
3 A2 [3.94, 5.58]
3 E [4.21, 5.42]
4 A2 [3.51, 4.86]
4 B2 [4.51, 4.71]
4 E [4.70, 4.70]
(f) cA2.60.32, three pions
TABLE S3. Summary of energy levels included in this work.
General technicalities
In both, the two and three-particle sector, we define the χ2 as:
χ2 =
∑
ij
(Edatai − Epredictedi ) (C)−1ij (Edatai − Epredictedj ), (S7)
where C is the covariance matrix of the energy levels, estimated from the bootstrap samples. Best fit parameters are
obtained using the Levenberg-Marquardt algorithm.
The range of validity of the quantization conditions is limited by the first inelastic threshold. This is E∗ = 4Mpi
(5Mpi) for the two-particle (three-particle) quantization condition. We generally include levels up to that threshold,
however, for the physical point ensemble (cA2.09.48), we have included levels higher up in energy. Since the 2pi → 4pi,
and 3pi → 5pi couplings are very small, we expect this to be a valid approximation. In fact, phenomenological studies
set the first relevant inelasticity to be the ρpi channel (E∗ ∼ 7Mpi for physical kinematics) [87, 90, 91].
Another issue to be discussed is the relevance of exponentially-suppressed effects that affect the energy levels and
the quantization conditions. We expect them to be very small for the heaviest ensembles, where MpiL > 5. For
the ensemble at the physical point (cA2.09.48), we however have MpiL ∼ 3, which means e−MpiL ∼ 5%. Given the
statistical uncertainties of our results for that ensemble, we still expect that our error is dominated by the statistical
one.
7Additional discussion on two-pion fits
One interesting point to discuss is the suitability of the δ0 parametrization. It has been customary to use a standard
effective range expansion parametrization (ERE) for I = 2 pipi scattering:
k
Mpi
cot δ0 = − 1
Mpia0
+ 12Mpir
(
k
Mpi
)2
+M3piP
(
k
Mpi
)4
. (S8)
However, the presence of the Adler zero limits the radius of convergence to k2 ∼ 0.5M2pi . For this reason, explicitly
incorporating the Adler zero must improve the radius of convergence, and has been shown to describe the data better
[65]. Here we compare again the two fit modes. The ERE results are shown in Table S4. As can be seen, the values of
χ2 in the case of the ERE fits are always larger than their Adler-zero counterparts— Table II. This further supports
the usage of the Adler-zero parametrization for I = 2 pipi scattering.
Ensemble Mpia0 Mpir M3piP χ2/dof
cA2.60.32 0.2198(55) 1.1(2) — 28.12/(16-2)
cA2.60.32 0.2177(56) 2.1(5) -0.16(8) 24.26/(16-3)
cA2.30.48 0.194(20) 1.4(5) — 20.22/(16-2)
cA2.09.48 0.064(11) 3.9(1.1) — 14.00/(10-2)
TABLE S4. Two-particle fits to the standard effective range expansion (ERE) model in Eq. S8.
We also include the phase shift plots in the heavier ensembles: Figure S6 for cA2.30.48, and Figure S7 for cA2.60.32.
In the case of the s-wave phase shift, we also compare to LO ChPT. As can be seen, the ChPT prediction describes
less accurately the data at heavier pion masses—compare to Figure 2.
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FIG. S6. s- and d-wave phase shift for the ensemble cA2.30.48. For s-wave we use a model that incorporates the Adler-zero,
whereas for d-wave we fit to a constant in the region for which we have data. Two points have been omitted in the plot due to
the very large errorbars.
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FIG. S7. s- and d-wave phase shift for the ensemble cA2.60.32. For s-wave we use a model that incorporates the Adler-zero,
whereas for d-wave we fit to a constant in the region for which we have data. Two points have been omitted in the plot due to
the very large errorbars.
Additional discussion on three-pion fits
First, we perform a global fit to two- and three-particle levels that includes only a constant term only in K3,df. This
is shown in Table S5. As can be seen, the quality of the fit is significantly worse for the heavier ensembles than in
the linear fits of Table IV. For the ensemble at the physical point (cA2.09.48), the value of χ2 is basically the same,
but in both cases K3,df is compatible with zero. We thus conclude that the linear model of K3,df in Eq. 6 is more
appropriate for this system.
1/B0 B1 M2piKiso,0df,3 M2piKiso,1df,3 χ2/dof
cA2.60.32 -0.2050(49) -1.7(2) 900(1000) – 71.08/(43-3)
cA2.30.48 -0.154(20) -1.5(5) -4000(1700) — 44.43/(33-3)
cA2.09.48 -0.0482(86) -1.3(1.1) -200(600) – 19.24/(19-3)
TABLE S5. Two- and three-pion fits using the Adler-zero form (z2 = M2pi , fixed). Here we asume that K3,df is given by a
constant: K3,df = Kiso,0df,3 .
Next, the full covariance matrices of the fits in Eq. IV are provided. We use the form C = DRD, with D being a
9diagonal matrix with the standard errors of the parameters. We ordered the entries as:
(
B0, B1,M
2
piKiso,0df,3 ,M2piKiso,1df,3
)
.
cA2.09.48: D = diag (0.0086, 1.1, 800, 500),
R =

1. 0.73 −0.37 −0.02
0.73 1. −0.25 0.11
−0.37 −0.25 1. −0.71
−0.02 0.11 −0.71 1.
 , (S9)
cA2.30.48: D = diag (0.022, 0.5, 5600, 5000),
R =

1.0 0.76 −0.41 0.37
0.76 1.0 −0.32 0.34
−0.41 −0.32 1.0 −0.98
0.37 0.34 −0.98 1.0
 , (S10)
cA2.60.32: D = diag (0.0049, 0.2, 1500, 1800),
R =

1.0 0.36 −0.02 0.05
0.36 1.0 0.10 0.22
−0.02 0.10 1.0 −0.78
0.05 0.22 −0.78 1.0
 , (S11)
We observe a large correlation within the two and three-particle sectors— the pairs B0, B1, and M2piKiso,0df,3 ,M2piKiso,1df,3
are highly correlated. In contrast, the correlation between the two- and three-particle sector is milder.
Two- and three-pion spectrum
We conclude the discussion by comparing the spectrum from the lattice to the one predicted by the quantization
conditions using the best fits. This is shown in Figure S8 for the ensemble at the physical point.
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FIG. S8. The center-of-mass spectrum for two and three pions on the physical point ensemble(cA2.09.48). The red data points
are the energy levels determined from the correlator. The black lines denote the prediction from the quantization condition.
For the two-pion A1 levels, and all three-pion levels, we use the fit in Table IV. For the non-A1 two-pion levels, which are
dominated by d-wave interactions, we use the fit in Table III. The short dashed gray lines denote the non-interacting energy
levels. We also include the relevant inelastic thresholds as long dotted gray lines.
